Two-dimensional, steady, laminar and incompressible natural convective flow of a nanofluid over a connectively heated permeable upward facing radiating horizontal plate in porous medium is studied numerically. The present model incorporates Brownian motion and thermophoresis effects. The similarity transformations for the governing equations are developed by Lie group analysis. The transformed equations are solved numerically by Runge-Kutta-Fehlberg fourth-fifth order method with shooting technique. Effects of the governing parameters on the dimensionless velocity, temperature and nanoparticle volume fraction as well as on the dimensionless rate of heat and mass transfer are presented graphically and the results are compared with the published data for special cases. Good agreement is found between numerical results of the present paper and published results. It is found that Lewis number, Brownian motion and convective heat transfer parameters increase the heat and mass transfer rates whilst thermophoresis decreases both heat and mass transfer rates.
Introduction
Nanoparticles are made from various materials, such as oxide ceramics Al 2 O 3 , CuO , nitride ceramics AlN, SiN , carbide ceramics SiC, TiC , metals Cu, Ag, Au , semiconductors, TiO 2 , SiC , carbon nanotubes, and composite materials such as alloyed nanoparticles Al 70 Cu 30 or nanoparticle core-polymer shell composites. Nanofluids aim to achieve the maximum possible thermal properties at the minimum possible concentrations preferably < 1% by volume by uniform dispersion and stable suspension of nanoparticles 3 oil extraction, ground water pollution, thermal energy storage, building construction and flow through filtering media, separation processes in chemical industries 23 . Reviews of the fundamental theories and experiments of thermal convection in porous media with practical applications are presented in the books by Nield and Bejan 24 , Vadasz 25 , Vafai 26 . The classical problem of free convective flow in a porous medium near a horizontal flat plate was first investigated by Cheng and Chang 27 . After his pioneering works several authors such as Chang and Cheng 28 , Shiunlin and Gebhart 29 , Merkin and Zhang 30 and Chaudhary et al. 31 have extended the problem in various aspects. Gorla and Chamkha 32 presented a boundary layer analysis for the free convection flow of nanofluid over a horizontal upward facing plate in a porous medium numerically. Khan and Pop 23 extended this problem for nanofluid. Above investigators considered isothermal or isoflux thermal boundary conditions. However, the idea of using the thermal convective heating boundary condition was introduced by Aziz 33 to analyze Blasius flow. Following him, several authors, for example, Yao et al. 34 , Uddin et al. 35 , Magyari 36 , and Yacob et al. 37 among others, used this boundary condition to study convective phenomena.
Above investigators found similarity solutions via dimensional analysis which can find only one particular type of similarity independent variable of the form η cyx r , where r is a numerical constant and c is a dimensional constant 38 . However, if one deals with the governing partial differential equations by Lie group analysis, then one can obtain former similarity transformation as well as some new forms 39, 40 . Sometime it is extremely difficult to transform the PDEs to ODEs by using dimensional analysis. On the other hand, reduction of PDEs with boundary conditions to ODEs is much easier by use of Lie group analysis. The number of independent variables of PDEs can be reduced by one if the PDEs remain invariant under Lie group of transformations and the new system contains one less independent variable than the original one. This methodology can be applied n − 1 times to reduce a boundary value problem of PDEs having n number of independent variables to a boundary value problem of ODEs. The solution of reduced equations is much easier than the solutions of the original system of PDEs 41 . Hence, Lie group of transformations may be considered as the generalization of dimensional analysis. It is successfully applied in many areas such as in mathematical physics, applied and theoretical mechanics and applied mathematics and in the transport phenomena 42, 43 . Avramenko et al. 44 presented that the symmetrical properties of the turbulent boundary-layer flows and other turbulent flows are studied utilizing the Lie group theory technique.
The aim of the present study is to investigate the effect of thermophoresis, the Brownian motion, radiation and the thermal convective boundary condition on the boundary layer flow of a nanofluid over an upward facing radiating permeable horizontal plate numerically. A possible application of this problem is in the design of furnace where the transfer of heat from surfaces occurs simultaneously by radiation and convection. Also, the interaction of solar radiation with the earth's surface fabricates complex free convection patterns and hence complicates the studies associated with the weather forecasting and marine environment for predicting free convection patterns in oceans and lakes. Using similarity transformations developed by Lie group analysis, the governing partial differential equations are reduced to a set of coupled nonlinear ordinary differential equations with the corresponding boundary conditions. The effect of emerging flow controlling parameters on the dimensionless axial velocity, the temperature, the nanoparticle volume fraction, the rate of heat transfer, and the rate of nanoparticle volume fraction is investigated and shown graphically and discussed. 
Formulation of the Problem
We consider a two-dimensional x, y laminar free convective boundary layer flow past a permeable upward facing horizontal plate with radiation effects in a porous media filled with a nanofluid Figure 1 . The temperature T and the nanoparticle volume fraction C take constant values T w and C w at the boundary whilst T ∞ and C ∞ at free stream. Bottom of the plate is heated by convection from a hot fluid at temperature T f which gives a variable heat transfer coefficient h f x . It is assumed that T f > T w > T ∞ . The Oberbeck-Boussinesq approximation is employed. The following four field equations represent the conservation of mass, momentum, thermal energy, and nanoparticles, respectively. The field variables are V : Darcy velocity vector, T : the temperature, and C: the nanoparticle volume fraction 23 :
We write V u, v .
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Here ρ f is the density of the base fluid, μ is the dynamic viscosity of the base fluid, β is the volumetric expansion coefficient of nanofluid, ρ p is the density of the nanoparticles, ρC P f is the heat effective heat capacity of the fluid, ρC P P is the effective heat capacity of the nanoparticle material, k m is effective thermal conductivity of the porous medium, ε is the porosity, K is permeability of the porous media, g is the gravitational acceleration, σ 1 is the Sefan-Boltzman constant, and k 1 is the Rosseland mean absorption coefficient. Here D B stands for the Brownian diffusion coefficient and D T stands for the thermophoretic diffusion coefficient. To ignore an advective term and a Forchheimer quadratic drag term in the momentum equation, we assumed that the flow is slow.
Consider a steady state flow. In keeping with the Oberbeck-Boussinesq approximation and an assumption that the nanoparticle concentration is dilute, and with a suitable choice for the reference pressure, we can linearize the momentum equation and write 2.2 as
Making the standard boundary layer approximation based on an order of magnitude analysis to neglect the small order terms, we have the governing equations ∂u ∂x
where α m k m / ρc P f is the thermal diffusivity of the fluid and τ ε ρC P p / ρC P f is a parameter.
The boundary conditions are taken to be 35
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Here v w x : mass transfer velocity. The following nondimensional variables are introduced to make 2.6 -2.11 dimensionless
where L is the plate characteristic length and 
2.14
The boundary conditions in 2.11 become
2.15
Five parameters in 2.14 are Nt, Nb, Nr, R, and Le and they stand for the thermophoresis parameter, the Brownian motion parameter, the buoyancy ratio parameter, radiation parameter, and the Lewis number, respectively, which are defined by
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Symmetries of the Problem
By applying Lie group method to 2.14 , the infinitesimal generator for the problem can be written as
where the coordinates x, y, ψ, θ, φ transformed into the coordinates x * , y * , ψ * , θ * , φ * . The infinitesimals ξ 1 , ξ 2 , τ 1 , τ 2 , and τ 3 satisfies the following first order linear differential equations
3.2
Using commercial software Maple 13, it was found that the forms of the infinitesimals are
where c i i 1, 2, 3, 4, 5, 6 are arbitrary constants. Hence, the equations admit six finite parameters Lie group transformations. It is apparent that the parameters c 2 , c 3 , and c 6 correspond to the translation in the variables x, y, and ψ, respectively. It is also observed that the parameters c 1 , c 4 , and c 5 correspond to the scaling in the variables x, y, ψ, θ, and φ, respectively. The generators corresponding to the infinitesimal given by 3.3 are as follows:
3.4
We consider scaling transformations and hence set c 2 c 3 c 6 0. Thus the infinitesimals become
In terms of differentials, we have
Here c 1 / 0. Thus from 3.7a -3.7c we obtain the following similarity transformations:
Now, to make sure that θ → 0, φ → 0 as η → ∞, set c 4 c 5 0. Hence the similarity transformations are
Thus the velocity component u, v can be expressed as
where primes indicate differentiation with respect to similarity independent variable η. It is worth citing that the similarity transformations in 3.9 are consistent with the well-known similarity transformations reported in the paper of Cheng and Chang 27 for λ 0 in their paper, which support the validity of our analysis. 
Governing Similarity Equations
Substituting the transformations in 3.9 into the governing 2.14 leads to the following nonlinear system of ordinary differential equations:
subject to the boundary conditions
Here Nb 0 means there is no thermal transport due to buoyancy effects created as a result of nanoparticle concentration gradients and fw Lv w /3α m , fw > 0 corresponds to suction and fw < 0 corresponds to injection, Bi Lh f /k is the Biot number. It is mentioned that, for a true similarity solution, we must have
where h f 0 and v w 0 are constants. 
Comparisons with the Literature
It is worth citing that in case of impermeable nonradiating plate fw R 0 and for isothermal plate Bi → ∞ , the problem under consideration reduces to the problem which has been recently investigated by Khan and Pop 23 and Gorla and Chamkha 32 . It is also worth mentioning that in case of impermeable non-radiating plate fw R 0 and for constant wall temperature Bi → ∞ , in the absence of buoyancy force Nr 0 , thermophoresis Nt 0 and in the absence of Brownian motion Nb 0 , the problem under consideration reduces to the problem which was investigated by Cheng and Chang 27 for λ 0 in their paper. It is further noted that in case of non-radiating plate R 0 , the problem under consideration reduces to the problem which was recently investigated by Uddin et al. 35 .
Physical Quantities
The parameters of engineering interest are the local skin friction factor C fx , the local Nusselt number Nu x , and the local Sherwood number Sh x , respectively. Physically, C fx indicates wall shear stress, Nu x indicates the rate of heat transfer whilst Sh x indicates the rate of mass transfer. These quantities can be calculated from following relations: By substituting from 2.12 and 3.9 into 5.1 , it can be shown that physical quantities can be put in the following dimensionless form:
Here Ra x gKβ 1 − C ∞ ΔT x/ α m v is the local Rayleigh number, Pr v/α m is the Prandt number for porous media, and U r 1 − C ∞ gKβΔT/α m is reference velocity in porous media. Note that the local skin friction factor, the local Nusselt number, and the local Sherwood number are directly proportional to the numerical values of f 0 , −θ 0 and −φ 0 , respectively.
Results and Discussion
The set of coupled nonlinear similarity Equations 3.11 with boundary conditions in 3.12 forms a two-point boundary value problem and has been solved numerically using an efficient Runge-Kutta-Fehlberg fourth-fifth order numerical method under Maple 14. To highlight the important features of the flow velocity, temperature, nanoparticle volume fraction, the heat transfer rate, and the nanoparticle volume fraction transfer rate, the obtained numerical results are displayed graphically. Numerical computations are done for 0 ≤ R ≤ 5, −1 ≤ f w ≤ 1, 0.1 ≤ Nb ≤ 0.5, 0.1 ≤ Nt ≤ 0.5, 0 ≤ Nr ≤ 0.5, 0 ≤ Bi ≤ 5.0 and 1 ≤ Le ≤ 5. The results of the dimensionless heat transfer rates−θ 0 and the dimensionless nanoparticle volume fraction rate -φ 0 are compared with the most recent results reported by Gorla and Chamkha 32 for special case in Table 1 of our other graphical results for dimensionless velocity, temperature, nanoparticle volume fraction, heat transfer, and nanoparticle volume fraction transfer rates. 
Velocity Profiles

Temperature Profiles
Variation of the dimensionless temperature and corresponding thermal boundary layer thickness with radiation parameter, suction/injection parameter, the Biot number, thermophoresis, and Brownian motion parameters is shown in Figures 4 and 5 , respectively.Temperature is increased with the increasing of radiation and Boit number Figure 4 . Physically, higher Biot number increases nanoparticle volume fraction as nanoparticle volume fraction distribution is driven by temperature distribution. The fluid on the right surface of the plate is heated up by the hot fluid on the left surface of the plate, making it lighter and flowing faster. Note that the temperature increases with the increasing of the Brownian motion and thermophoresis parameters when the plate is permeable or not Figure 5 . From Figures 4 and  5 , it is apparent that like regular fluid suction/injection parameter reduces the dimensionless temperature as expected. Figure 6 illustrates the impact of the controlling parameters on the dimensionless nanoparticle volume fraction inside the corresponding boundary layer. Dimensionless nanoparticle volume fraction is reduced due the enhance of both the radiation and the Lewis number when the plate is permeable or not Figures 6 a and 6 b . Finally, from Figure 6 , we found that the suction/injection parameter reduces the dimensionless nanoparticle volume fraction as in the case of regular fluid.
Nanoparticle Volume Fraction Profiles
Heat Transfer Rate
The effect of various controlling parameters on the dimensionless heat transfer rate from a permeable horizontal upward facing plate with the thermal convective boundary condition in porous media is shown in Figure 7 . From Figure 7 a , it is noticed that the dimensionless heat transfer rate decreases with an increase in thermophoresis and radiation parameter whilst it increases with the increasing of the suction velocity. It is further found from Figure 7 b that the dimensionless heat transfer rate decreases with an increase in thermophoresis and buoyancy ratio parameter for permeable plate. We also noticed that heat transfer rate is Figure 8 shows the effect of the radiation, the suction, thermophoresis, buoyancy ratio, and Lewis number parameters on the dimensionless nanoparticle volume fraction transfer rate from a permeable horizontal upward facing radiating plate in porous media. From Figure 8 a , we observed that the dimensionless nanoparticle volume fraction rate increases with an increase in Brownian motion, suction, and the radiation parameter. It is also found from Figure 8 b that the dimensionless nanoparticle volume fraction rate decreases with an increase in both the thermophoresis and buoyancy ratio parameter for a permeable plate. It is further observed form Figure 8 b that the Lewis number increases the dimensionless nanoparticle volume fraction rate, as in regular fluid.
Nanoparticle Volume Fraction Rate
Conclusions
We studied numerically a 2-D steady laminar viscous incompressible boundary layer flow of a nanofluid over an upward facing horizontal radiating permeable plate placed in the porous media considering the thermal convective boundary condition. The governing boundary layer equations are transformed into highly nonlinear coupled ordinary differential equations using similarity transformations developed by Lie group analysis, before being solved i the dimensionless velocity, the temperature, and the concentration decrease in case of the suction and increase in case of the injection; the phenomenon is reversed,
ii the Brownian motion, radiation, thermophoresis, and buoyancy ratio parameters decrease the heat transfer rate whilst the suction parameter and the Biot number enhance the heat transfer rate,
iii the radiation, Lewis number, Brownian motion, and the suction parameters cause to enhance nanoparticle volume fraction rate whilst thermophoresis and buoyancy ratio parameters lead to decreasing nanoparticle volume fraction rate.
